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ABSTRACT 

We derive and discuss a new type of A/" = 2 supersymmetric quantum me- 
chanical sigma models which appear when the superfield action of the (1, 2, 1) 
multiplets is modified by adding an imaginary antisymmetric tensor to the tar- 
get space metric. These models are not equivalent to the standard de Rham 
sigma models, but are related to them through a certain special similarity 
transformation of the supercharges. On the other hand, they can be obtained 
by a Hamiltonian reduction from the complex supersymmetric M = 2 sigma 
models built on the multiplets (2, 2, 0) and describing the Dolbeault com- 
plex on the manifolds with proper isometrics. We study in detail the extremal 
two-dimensional case, when the target space metric is defined solely by the an- 
tisymmetric tensor, and show that the corresponding quantum systems reveal 
a hidden A/" = 4 supersymmetry. 
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1 Introduction 

Supersymmetric quantum mechanical (SQM) sigma models have been studied for more 
than 30 years. The Lagrangian of the simplest and most known model of this type has 
the form [1] 

L = -\j dedegMNiX)DX^'DX'' , (1.1) 
where X^ are the (1,2,1) superfields of one-dimensional J\f = 2 supersymmetry 0, 

x*^ = x^' + e^^^ + ^^^e + F^^ee , (1.2) 

and D are the d = 1 superspace covariant derivatives, 

d-d - d d 

In components, this gives 

L = l^^,^[i;^^i;^ + F*^F^ + z(^^V^^-V^^^^)] 

+ Tm.pqF^V"^^^ + lidMdggpN) . (1.4) 

Here Tm,pq are the Christoffel symbols and Vip'^ = + Tpqi^ip'^ . After eliminating 
the auxiliary fields F^^, the Lagrangian acquires the form 



1 

t,9mn 



'iM.N ^ ,^^M^^N _ ^^M^N^-^ ^ ^i^A/iVPQ^''^^^^^^ , (1-5) 



where Rmnpq is the Riemann tensor. 

The geometrical interpretation of this model is also well known. Its Hilbert space can 
be mapped onto the space of differential forms such that supercharges can be interpreted as 
the exterior derivative operator and its complex conjugate. Thereby, the system amounts 
to the de Rham complex p]. 

Another complex known to mathematicians, the Dolbeault complex which is defined 
on a complex manifold and involves only holomorphic (p, 0) - forms, can also be formulated 
as a supersymmetric sigma model. Its superfield action [HE] involves (2,2,0) superfields, 

= + V2e^^ -i99z^ , = z~^ - ^/2ei)~^ + ieW , (i.e) 

j,j = l,...,n; DZ = DZ = Q. 
In the simplest case, 

S = -\j dtd'^ehfk{Z,Z) DZWZ~^ , (1.7) 



^We use the notation of 151 where the numerals count the numbers of the dynamic bosonic, dynamic 
fermionic, and auxiliary bosonic fields. 
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where hjj^ is a Hermitian complex metric. 

Coming back to (11. ip . it describes the de Rham complex provided the tensor qmn is 
symmetric and has the meaning of the target space metric. However, nothing prevents us 
from asserting that this tensor has also an imaginary antisymmetric part (we should keep 
gMN Hermitian, otherwise we would loose the reality of the Lagrangian and Hermiticity 
of the Hamiltonian) . For some reasons, the Lagrangians of this type and the associated 
quantum-mechanical systems never got any detailed attention in the literatur^. Our 
study is intended to fill up this gap. 

There are relationships of our model and the models previously considered. In par- 
ticular, we demonstrate that our model can be recovered by the appropriate Hamiltonian 
reduction from the general complex M = 2 SQM model possessing some shift isometrics 
and dealing with the manifolds of the doubled real dimension. So, from the geomet- 
ric point of view, the considered class of = 2 SQM models can be interpreted as a 
restriction of the Dolbeault complex to the real slice of the original complex target space. 

Second, though the complex thus obtained does not coincide with the de Rham com- 
plex describing the standard (1,2, 1) SQM models with symmetric target space metric, 
it can be obtained from the latter by a similarity transformation of the holomorphic su- 
percharges. We demonstrate it explicitly for the simplest 2-dimensional model of this 
type with the "primordial" metric qmn = ^mn + i^MNb{x). The supercharges that we 
derive are related by a similarity transformation to the de Rham supercharges with a 
conformally fiat "associated" metric 

hMN = Vl-b^ Smn . (1.8) 

For this simple model, we derive the explicit expressions for the quantum supercharges and 
the Hamiltonian. The latter does not coincide with the standard de Rham Hamiltonian 
(i.e. the covariant Laplacian acting on the forms). This stems from the fact that the 
similarity transformations for Q and Q that we use are different (see Eq. fl3.16p below). 
We demonstrate that the system exhibits hidden J\f = A supersymmetry at the quantum 
level: the relevant energy levels reveal 4-fold degeneracy. We dwell on a special choice of 
the function b{x) describing the dynamics on the 2-sphere S"^. The detailed analysis of this 
new M = 2 (and A/" = 4) SQM model is performed in the Appendix. In a certain limit, 
the Hamiltonian thus obtained is related by a similarity transformation to the square of 
the Dirac operator on S"^. 



2 The general model 

Our starting point is the action (11. ip where the tensor qmn involves now an antisymmetric 
part, 

Qmn = g{MN) + ibiMN] , (2.1) 

^The existence of such models was mentioned in [51 [71 13]. In particular, it was noticed in [7 that they 
cannot be obtained by dimensional reduction from the Lorentz-covariant M = l,d ~ 2 sigma models, as 
distinct from those based on the Lagrangians with symmetric metric (the Af = 2,d = 1 multiplets 
(1, 2, 1) and (2, 2, 0) were termed in ^ as iV = 2a and N — 2b, respectively). 
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with real g{MN), b[MN]- Plugging there the superfield (11 ■2p . we derive the component 
Lagrangian 

+ Ga/,pqF^V''^'^ - \ [duhiNP] + dM^MP]) xV'^'' , (2.2) 

where 

Gm,PQ = ^M,PQ — 2 i^MblPQ] + dpb[QM] + dgblMP]) 

1 

= 2 (^p9mq + dqgpM - dMgpQ) (2.3) 

are complex Christoffel symbols calculated for the complex metric f l2.ip , while F m,pq are 
the standard Christoffels for g^uN) 

Tm^pq = \ [dpg^MQ) + dQg^MP) - dugiPQ)] , Vt^^ = + rjlfgi^^'S . (2.4) 

It is worth noting that the whole Lagrangian (12.21) can be written through the Hermi- 
tian metric guN because it is the latter that enters the generalized superfield Lagrangian 
(11. ip we started with. However, the terms with the derivatives of 6[m7V] cannot be fully 
accommodated through the generalized Christoffel symbols (12.30 . For instance, the full 
part bilinear in the fermionic fields can be written as 

\gMN [^H^^ - ^^^^') - \ {dsgPN - d^gsp) x^i^^^ , 

and the second piece cannot be written through Gm,pq- This means that the 2-form 
field b[MN] cannot be interpreted as a potential of some closed torsion. Respectively, the 
Lagrangian (12. 2p does not reveal any target space gauge symmetry associated with b[MN]- 
The Lagrangian (12. 2p is invariant (modulo a total derivative) under the following 
J\f = 2 supersymmetry transformations 

S^M ^ _^^^.M ^ pM^ ^ ^pM ^ ^(^^M ^ _ ^2.5) 

After elimination of the auxiliary field F^'^ by its equation of motion 

F^' = b^x"" - G^QiP^'^p'^ (2.6) 
(with the indices being raised with g^^'^^^), the Lagrangian acquires the form 

L = lgiMN)X^'x'' - (6[MP]a:^ - Gm.pq^^^'^) {biNS]x' - G^,5t^^^^) 

- IdpdQig^MN) + ib^MN])^'^i'''Vi''^ - \{dMbiNP] + 9^6[MP])i''^'^^^.(2.7) 
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Note that the bosonic core of the Lagrangian (12. 7p is 



' bos 



1g 



(MN) 



G{MN) = 9{MN) + b[MP] 9^^^^ b[sN] 



(2.8) 



i.e. the antisymmetric field b[MP] makes a non-trivial contribution to the target space 
metrical- 

The Lagrangian (12. 7p is invariant, up to a total derivative, under the nonlinear super- 
symmetry transformations 



Using these transformations, one can derive the conserved Nother supercharges 



(2.9) 



- ^Om {g{NP) + ib[NP]) ip^ip^ 



+ ^<9a/ {9{np) - ib[NP]) ^^^^ 



(2.10) 



where 



n 



M 



- g{MN)X^ - 9^^^^b[PM] {b[NS]i'^ - GN,STtp^^'^) 

i - 1 

- 2 {9p9{QM) - dgQi^PM)) - 2 {dpb[QM] + dqbypM]) ^^^^ (2.11) 

is the canonical momentum of x^, IIm = -^w ■ It is worth noting that it is easier to derive 
the supercharges starting just from the off-shell Lagrangian (12. 2 p and transformations 
(12. 5p . The final expressions for Q,Q do not involve the auxiliary field and have the 
same form (I2.10p . 

When 6[MAf] is absent, the supercharges (I2.10p acquire the form 



Q = ^ 



M 



2" 



IiM + -TM.NPlp''i^'' 



Q = i, 



M 



PJ.N 



IIm - -^M,NP ^ ^ 



(2.12) 



These are the supercharges of the standard de Rham M = 2 sigma model written in a 
somewhat unusual form|j. The usual form is 

Q = V'*' [Pm - l^M,AB ^A^B\ , Q = [Pm - ^nM,ABMB] , (2.13) 

where A, B are the tangent space indices, ipA = eAMi'^ , 9m n = ^am^an , and 

nM,AB = CANidMC^ + T^,Tel) (2.14) 



■^This metric looks as a part of the bosonic metric in the so caUed "double field theory" (see, e.g., [5]), 
which might suggest that there is an intrinsic relation between the latter and the N — 2 SQM models 
we are considering here. 

^Surprisingly, we were not able to find such a simple representation for the classical supercharges of 
the (1, 2, 1) A/" = 2 models in literature. 
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are spin connections. 

Note that the canonical momenta Pm entering fl2.13p are obtained by the variation 
of the Lagrangian over xm with fixed ipA^^A, while IIm appearing in fl2.10p . fl2.12p is 
obtained by the variation with fixed ^ip^ . These two canonical momenta are related 
as 0, 

Pm = Um - Q^-^ - di^'^ = Um + - [dueAP eAQ - OmCaq cap] ^^^^ ■ (2.15) 

For the standard sigma model, the form fl2.13p is more convenient because it allows one 
to perform the quantization rather straightforwardly. Indeed, the "fiat" fermion variables 
ipAjipA constitute, together with x^'',Pm , the canonically conjugated pairs, 

{ipA, iPb}p.b. = -i^AB , Pn}p.b. = ^ 

{V-A, x'^}p,B. = {^A, x''}p,B. = {^A, Pm}p.b. = {V^A, Pm}pb. = . (2.16) 

When quantizing, we have to replace Pm — > —id /Dm, ^a — ^ 9/ dip a and to choose a 
particular way of ordering the momenta and coordinates. Especially convenient covariant 
nilpotent quantum supercharges have the same functional form as (12. 130 1^ They are 
Hermitian-conjugated to each other, bearing in mind the factor ^ in the measure, 

Q = {deig)-^/^Q\deigf'\ (2.17) 

where is related to Q by a "naive" conjugation. Other orderings correspond to some 
extra conjugations, Q — e^Qe~^, Q — )■ e'^^Qe^ . This is interpreted as introducing 
potentials on the manifold [3]. 

The variables ip^jip^'^ satisfy more complicated relations, 

{r,^''}pB. = -^9"\ 

{nM,^^}p.B. =-^aM<7^'5^Q. (2.18) 

In this case, the quantization procedure is somewhat trickier, with quantum commutators 
corresponding not to the Poisson brackets, but rather to the Dirac brackets. 

In our case with non-vanishing b[MN], we can also introduce canonically conjugated 
flat fermion variables related to ip^ , ip^ by comp/ex vielbeins, and then quantize. We will 
do this in the next section for the simplest nontrivial 2-dimensional model. 

However, to derive the result that the model (11. ip with generic Hermitian metric qmn 
can be obtained by a Hamiltonian reduction of a certain Dolbeault sigma model (the 
subject of section 4), we do not need to come to grips with quantization. The whole 
reasoning will be carried out at the classical level and in this case the supercharges (l2.1Up 
prove to be more convenient than the supercharges (I2.13p . 



^See Ref. [TU] for general recipes of resolving the ordering ambiguities in SQM models. 
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3 Two-dimensional model. Similarity transformation 



The simplest nontrivial case corresponds to just two bosonic coordinates, x^^^'^ , with 
the flat symmetric part of the metric, q^mn) = ^mn ■ In this case, all expressions are 
greatly simplified. In particular, one can write h[MN] = beuN ■ The Christoffels (12 .Sp 
vanish. The quartic fermionic terms in the Lagrangian also vanish. The latter acquires 
the form 



(1 - h')x^x'' - - {5mn + iheuN) r'r - r'^ 



-N 



- I [dnb eNp + dj^b e^p] x^V^V'^ 



The relevant classical supercharges read 



Q = V^ 



M 



NJ.P 



IlAf + -dubeNpip if 



Q = i, 



M 



NJ.P 



IIm - -dnbeNpip ^ 



(3.1) 



(3.2) 



In this case, the complex vielbeins transforming the variables ip'^ , ip'^ into canonically 
conjugated pairs can be found explicitly. 



Cam = g+^AM — ig-^AM , Cam = g+^AM + W-^am , 
ef = cam/Vi^ , = cam/Vi^ , 



(3.3) 



where 



g± 



Vl + b±Vl-b 



These vielbeins satisfy the relations 

eAM^AN = Smn + ibeMN , '^am'^^ = Sab , ^am^'^ = (^m j c.c. 
The Lagrangian (13. ip can then be rewritten as 



(3.4) 



L = -{1- b')x''x'' - - i^A^A - i^Ai^A) - 2 [dMbtNP + d^beMp] x'^e^e^^A^B (3.5) 

(note that the vielbein time derivatives coming from the two parts of the fermion kinetic 
term are canceled amongst each other). With this form of the Lagrangian, it is obvious 
that ipAi'4'B and Pm,x^ indeed constitute the mutually commuting canonical pairs. 

The classical supercharges (13. 2p can be expressed via the fermion variables with the 
tangent space indices. The direct substitution gives 



M 



Q = i^Aet 



Q = i^AC^ 



nM + 



dnb 



2(1-62) 

dub 
2(1-62) 



[epc + ib6Bc)'4'B'4'c 
{ebc + ibSBc)'^B'4'c 



(3.6) 
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An important point is that, in the considered case, due to the specific structure of the 
vielbeins, the following equality holds 



Hm + ^ [{dMei)4 - {dMe^)ef\ V^'^ = Um • (3.7) 



It is a straightforward exercise to make sure that these supercharges form the standard 
// = 2, d = 1 superalgebra 

{Q, Q}p.B. = {Q, Q}p.B. = , {Q, Q}p.B. = -2iH'' , (3.8) 
where H'^^ is the classical Hamiltonian corresponding to the Lagrangian (13. ip (or (13. Sp ). 



1 



2(1 - 62) 



1 



+ I {drb eNM + d^b exu) V'^^/'^ • (3.9) 
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We notice now that, using antisymmetry of the expressions like ipA'^B under the per- 
mutation A 'H- B and 2-dimensional specifics, one can get rid of the structure 6bc in the 
supercharges (13. 6p and rewrite them as 

Q = i^Ae^ i^M - i^M,Bci^Bi'c) , Q = i'AGA ij^M " i^M,Bci'Bi'c) (3.10) 

with 

^M,BC = o/i^^^i,9\ {^^NudNb + idub) . (3.11) 
2(1 — 0"^) 

This object has an interesting geometric interpretation. It is just the spin connection 
for the comp/ex vielbeins cam^^b defined in (13. 3p . It can be computed by the standard 
formulas 

^h[,AB = ^ANiduG^ + ^^IT^^) = GcM^CAB , 

^c,AB = e^el d[MecN\ + e^^e^ d[MeAN\ + dyMeBN] 

= ^^^^^eAB{^e^'^Mb + be^^Mbenc). (3.12) 

Here, T^.^j< is the standard Levi-Civita connection for the real conformally fiat metric 

hMN = eAMCAN = Vl-b^ 5m N as in ([L8])- 

Consider the real part of the spin connection (13. lip . One observes that it can be 
interpreted as the standard spin connection (12.140 for the same conformally fiat metric 
hMN) but with the naturally chosen real vielbeins 



Gam 



[l-b''Y"5AM. (3.13) 



Being truncated in this way, the supercharges (I3.10p coincide with the supercharges of the 
standard (1,2,1) supersymmetric sigma model (I2.13p . though involving the new metric 
Hmni Eq- (II. 8p . which is different from (but conformal to) the bosonic target metric 
in ( 13. ip . So the quantum version of these supercharges describes the de Rham complex 
associated with the metric Iimn- 
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Now, come back to the full expressions (13.101) . They are classical. Once again, to 
obtain the quantum supercharges, one should order the fermion operators in a certain 
particular way. Let us do it in the same way as for the standard de Rham supercharges. 
We thus write 

Q^" = {e^JdM + nA,Bci^B^Pc) , Q''" = -^^A {e^JdM + nA,BC^B^c) . (3.14) 

One easily checks that these supercharges are nilpotent and hence satisfy the standard 
quantum M = 2 superalgebra. The anticommutator {Q'^^., Q^"} gives the quantum Hamil- 
tonian H^": 



H 



qu 



2(1-62) 



+ ^ [e'^idM^CBC - e'^^dM^BAD) ^A^B . (3.15) 

An important observation is that the supercharges fl3.14l) can be obtained from the 
quantum supercharges of the de Rham complex with the metric (11.81) and vielbeins (IS.lSp 
by a similarity transformation 

gq" = R-^Q'^^^^^'^R , gq" = rq'^^^^'^'^r-^ , (3. 16) 

with 

R = exp l^^ln^^^eABi^Ai'B^ ■ (3.17) 

The operator (I3.17P is not unitary, R^ = R rather than R~^, and hence Q^" and Q'^^ are 
rotated in a different manner. The relations (13.161) . (13.171) imply that the property (I2.17P 
that holds for the de Rham supercharges holds as well for Q^", Q^"- In other words, the 
supercharges (13.160 are mutually Hermitian with the measure 

By construction, the Hamiltonian (I3.15P is Hermitian with the same measure. It does 
not seem to be related, however, to the de Rham Hamiltonian (the covariant Laplacian) 
by any similarity transformation and has, as we will see, a distinct spectrum. In the 
sectors F = 0,2, the Hamiltonian is reduced to the simple expressions 



rF=2 1 d2 ibdMb-tpudpb 



2//"- = ^P^- — — (3-18) 

It is clear that for any eigenfunction ^i^^^ of H^^^, the complex conjugate function 
^^^"2 = (\|/-^=0)* is an eigenfunction of H^^"^ with the same eigenvalue. Supersymmetry 
dictates that the states Q'^^'^^^^ and Q^^'^^^'^ have also the same energy. Thus, in this 
case, the energy levels display a 4-fold degeneracy and, hence, the system enjoys in fact an 
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extended A/" = 4 supersymmetry. One can remind here that any 2-dimensional manifold 
is Kahler and hence the de Rham complex can be extended to the Kahler - de Rham 
complex with extended supersymmetry. There is no reason to believe, however, that such 
an extended supersymmetry is also valid in the generic higher-dimensional case. 

Note that the TV = 2 superfield action corresponding to the Lagrangian fll.ip with 
Qmn = ^MN + ib{X)eMN , M, N = 1,2, reveals no any obvious second J\f = 2 supersym- 
metry which would complete the manifest J\f = 2 one to A/" = 4 . So the A/" = 4 supersym- 
metry we have observed either is realized by highly nonlinear superfield transformations 
involving the target potential b{X) , or is a pure quantum-mechanical phenomenon, like 
in [11]. In any case, the underlying M = ^ supermultiplet is an on-shell version of the 
multiplet (2, 4, 2) , and its field content is the same as for two M = 2 multiplets (1, 2, 1)0. 

A non-triviality of the quantum problem considered in this Section is the existence 
of four different metrics which should not be confused with each other. For reader's 
convenience, we thus reiterate. 

• First, there is the primordial complex Hermitian metric ( 12. ip . Its geometric meaning 
will be clarified in the next Section. 

• The symmetric part q^mn) of this complex metric does not have a special meaning 
(at least, we do not see it), but it enters the formulas (12. 7p . (12. 8 p in Section 2. 

• Next, there is the "kinetic metric" (12. 8 p that determines the bosonic dynamics. 
It is constructed from both q^mn) and the antisymmetric potential h[MN]- In the 
two-dimensional case, it boils down to h)^^^^ = (1 — 6^) 5mn ■ 

• Finally, there is an "associated metric" — the metric of the de Rham complex with 
supercharges related to our supercharges by a similarity transformation. In the 
2-dimensional case, we have derived h^^^"^^'^'^ = a/1 — 6^ Smn- 

A detailed analysis of the spectrum of the Hamiltonian (I3.15P in the simple case when 
the kinetic metric Hmn oc 6mn/{^ + a;p)^ describes the 2-sphere S*^ is performed in the 
Appendix. 



4 Hamiltonian reduction 

The geometric meaning of the model considered can be clarified by addressing a special 
class of complex n- dimensional manifolds with the Hermitian metric 

^fk = 9m + ih[jk] , {hfk)^ = hj , (4.1) 

and constraining the real functions g(jk), b^k] to depend only on the real parts of the 
complex variables {j = 1, . . .n). 

^This TV = 2 splitting of the multiplet (2,4,2) is different from the splitting (2,4,2) = (2,2,0) © 
(0, 2, 2) considered in 5 and yielding the standard Kahlerian A/" 4 supersymmetric mechanics. 



9 



As was mentioned above, one can define on complex manifolds Af = 2 supersymmetric 
sigma models [H [5] whose supercharges are isomorphic to the exterior holomorphic deriva- 
tive and its conjugate and realize thereby Dolbeault complex. The underlying M = 2 
multiplets are of the (2, 2, 0) type, such that each complex bosonic coordinate has 
one complex fermionic superpartner ipK In other words, Dolbeault sigma model for a 
manifold of complex dimension n has the same number of holomorphic fermion variables 
as de Rham sigma model or quasicomplex sigma model on a manifold of real dimension 
n. Hilbert spaces in the former and in the latter are therefore tightly connected. 

For sure, the mapping between the (2, 2, 0) models and the Dolbeault complexes 
known to mathematicians and similarity between Hilbert spaces of different complexes 
concern quantum supercharges in the first place. However, in order to establish the 
correspondence between our supercharges and the Dolbeault supercharges, it is sufficient 
to compare only the classical versions of the two sets. 

We introduce holomorphic vielbeins satisfying 

44 = hki. <^ = ^\ h^'h^ = 6], K^y' = 5i, (4.2) 
elei = 5i, etel = 6l ef ei = ^ , 44 = ^- (4-3) 



The Dolbeault M = 2 supercharges were written in [5] in the form analogous to (12.1311 

Q = ^k _ , g = (p_ + ^^V^-n^,,,) , (4.4) 

where VLj^b = ^p{djel + T^^e^) are complex spin connections and the momentum Pm is 
the canonical momentum calculated at fixed For further convenience, we omitted 

the factors a/2 compared to the expressions in [5], so the relevant Hamiltonians coincide 
with each other up to the factor 1/2. 

To establish the sought correspondence with the quasicomplex model of the preced- 
ing sections, it is convenient to rewrite the supercharges (14. 4 p in terms of the fermionic 
variables with the world indices, like in (I2.10p . (I2.12p . We obtain 



Here, 



Q = n, + ^r.^kprrj , Q = ^/'M Hj - -Tj^kprr ] ■ (4.5) 



1 1 

^j,kp = 2^9khjp — djhkp) , Fj = -{dphf.j — djhkp) (4.6) 
and the momenta Uj, Hj are related to Pj, Pj in the same way as in (]2.15p . 

^ = n, + ^ [id,e;)el - {d,4)e;] , ^ = nj + ^ [{d-,el)4 - (9^e^)ea ^i^^ .{A.l) 

Note that the ChristofTel symbols (14.60 vanish for Kahler manifolds, killing the three- 
fermion terms in (14. 5p . This nice property is specific for the form (14.50 of the supercharges. 



^We follow the notation of section 2 of Ref. [S], where the reader is redirected for further details. 
*See Eq.(3.15) of Ref. [5^, where one has to set = . 



10 



Requiring the metric and vielbeins to depend only on the real parts of amounts 
to assuming that the manifold involves isometries realized as shifts in the imaginary 
directions. One can observe that, in this case, the Poisson brackets of the supercharges 
(and hence of the Hamiltonian) with the generator of these imaginary shifts 11^ — IIj = 
Pj — Pj all vanish. This allows one to perform a Hamiltonian reduction — to identify 
Uj = Uj and to forget about the imaginary parts of the coordinates whatsoever. 

Physically, the picture becomes more transparent at the quantum level — one can 
observe that the metric isometries allow one to define the Hamiltonian acting on the 
restricted Hilbert space, with the wave functions depending only on Re 2;-' [^. But, for 
establishing the correspondence, one can stay at the classical level. 

One has a pleasure to observe that, after this identification, the expressions ( 14. 5 p 
coincide with fl2.10p . 

In particular, the 2-dimensional model of the previous section can be obtained by the 
Hamiltonian reduction from the complex Dolbeault model living on a manifold of complex 
dimension 2 with the metric /i^-^ = 6jk + ibejk and the vielbeins f l3.3p . 

For completeness, we will finally discuss the same reduction directly in terms of Hamil- 
tonians. The classical Hamiltonian of the complex M = 2 model (with the vanishing 
background gauge potential, i.e. with W = was written in ^ as 

H,, = h'^ (P, + tn.^i^r^') (Ps - A^cifP^i^') - eieielejidAhfk)rr^'^\ (4-8) 



where 



^jM = -^j,ab = eldje: + eyjtjk , Ttjk = d^hft . (4.9) 



After passing everywhere to the world indices (in particular, by making use of the relation 
(14. 7p ) and identifying dj = dj, this Hamiltonian can be rewritten as 



1 



-dtdihf.^'r^'i^'- (4.10) 



1 



For the 2-dimensional target metric hjj^ = Sjk + ib ejk the last term in (14. lOp vanishes and 
Hci nicely coincides with (13. 9p . up to the overall factor 1/2 . 



5 Summary and outlook 

In this paper, we introduced and studied a new class of = 2 supersymmetric quantum 
mechanical systems, the quasicomplex quantum mechanics. Its superfield Lagrangian 
involves, besides the standard metric term, also an antisymmetric tensor which can not 

^In fact, the conditions Uj — IIj = represent first class constraints, like the Gauss law constraint in 
standard gauge theories. Our reduced system (|2.7|) can thus be interpreted as a certain gauge model with 
the constraints resolved. At the level of off-shell superfield actions, the same reduction could presumably 
be accomplished using the gauging techniques of Ref . [T^] . 
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be identified with any torsion potential. This new object generates some non-trivial target 
bosonic metric even in the case when the standard metric is flat. 

From the geometrical point of view, these models realize a new complex which coincides 
neither with the de Rham complex nor with the Dolbeault one and seems not to be 
discussed earlier by mathematicians. However, they are still related in a certain way to 
both these complexes. 

• First, as we have seen, a quasicomplex sigma model living on a real n- dimensional 
manifold can be reproduced through Hamiltonian reduction from the Dolbeault M = 
2 models living on a manifold of complex dimension n and possessing appropriate 
isometries. The latter allow one to get rid of a half of real bosonic coordinates. 

• Second, they may be related to a certain de Rham complex through a similarity 
transformation of the holomorphic quantum supercharges. 

We explicitly constructed here such a transformation in the simplest two-dimensional 
example. However, as was recently shown |13], both the generic multidimensional quasi- 
complex system fl2.10p and the standard de Rham system fl2.12p can be related to a free 
system by the proper similarity transformations of the supercharges. Thus, a combina- 
tion of these transformations gives a generic similarity transformation quasicomplex — )■ 
de Rham, a multidimensional generalization of the transformation fl3.16p . Perhaps it is 
worth mentioning once more that this similarity of the two systems does not imply their 
equivalency: their Hamiltonians do not coincide and have different spectra. 

We studied in detail the simplest 2-dimensional version of these unusual models and 
found that, at the quantum level, the spectrum involves a 4- fold degeneracy of the 
states,thus exhibiting a hidden A/" = 4 supersymmetry. Studying (in the Appendix) 
the spectrum further, we discovered its rather interesting features. In a certain limit, the 
spectrum consists of su{2) multiplets with half-integer momenta in both fermionic and 
bosonic sectors. The Hamiltonian is related by a similarity transformation to the square 
of the Dirac operator, if =!^^ 0. 

Studying the spectra of more complicated quasicomplex Hamiltonians in higher di- 
mensions would be highly desirable. 
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We want to stress that in this case we are talking about the similarity transformation of the Hamil- 
tonians that gives the equivalence of the spectra, mapping of the wave functions, etc. 
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Appendix: Hamiltonian (13.151 ) on S'^ and its spectrum 

Consider first the Hamiltonian in the sector F = written in Eq. f l3.18p . Introduce the 
complex coordinates, 

di = ^id^ + d^), d2 = ^{d^-d^). (A.l) 
The S"^ case is obtained by identifying 

1 - = n / (A-2) 

(1 + ww)^ 

{fi and p are arbitrary real constants). This implies 



6 = ±v2i±^EZ, b' = ± / X:=ww. (A.3) 

1 + ^ (i + x)V(i + ^)'-p 

Choosing in ( ]A.3I) the positive sign and substituting it into f l3.18p . we obtain the Hamil- 
tonian 



Us2 = — 



-(1 + wwfdd - -(1 + ww){wd + wd) + -^^^^^= J 



2^ 2y(rT 



(A.4) 



P 

where 

J = wd — wd (A. 5) 

is the charge operator which commutes with the whole if 52 . 

The Hamiltonian flA.4p is Hermitian with the measure a/1 — 6^ oc 1/(1 + ww) (see the 
remarque after f l3.17p ). Thus, the Hilbert space where this Hamiltonian acts involves the 
wave functions normalized as 

, ^ , , ,2 dwdw , . , 

\^{w,w)Y = 1. A.6 

It is 1 + WW downstairs, not (1 + ww)^ as for the standard Laplacian on 5*^ ! 

In the sector J = 0, the Hamiltonian acquires a particularly simple form, such that the 
spectrum and wave functions can be found analytically. Indeed, introducing the variable 
z = \^ (it is none other than the cosine of the polar angle on S*^), the Schrodinger 
equation acquires in this sector the form 



\)^'\z)^{z^\)^\z) = E^{z). (A.7) 



The solutions are Jacobi polynomials, 

^^{z) = {l + z)P^\z), m = l,... , (A.8) 



13 



which gives the spectrum 

Em = m^. (A.9) 



Note that we have excluded the function ^ = const (which is a formal solution of flA.7P ). 



because it is not normalizable with the measure in flA.6p . This means that the zero-energy 
states are absent in the spectrum and supersymmetry is thus broken. The first few states 
are 

^,{z) = l + z, ^2{z) = {l + z){l-3z), ^3(2) = (l + ^)(l + 2z-5z2),... .(A.IO) 

When J 7^ 0, the situation is more complicated. The relevant wave functions are 
eigenfunctions of J with integer non-zero eigenvalues. We pose 

Vl>^ = W-'fjiz) (J > 0) , Vl>_, = yj^Jlgj (J < 0) . 

The Schrodinger equation for \£'j>o is reduced to the following equation for fj, 

{z'-l)fJ + {l + 2J + z)f'j--L-\l- \ \ fj = Efj. (A.li; 

The function gj satisfies the similar equation with J being replaced by \J\ and with the 
opposite sign before the second term in the round brackets. These equations can be solved 
numerically, when imposing proper boundary conditions. 

In the sector F = 2, the Hamiltonian is the same as in (IA.4|) up to the opposite 
sign for the last term. The spectrum is the same as for F = 0, but with the complex 
conjugated wave functions. The states in the sector F = 1 are obtained by the action of 
the supercharges. 

Notice now that the problem is drastically simplified in the limit p, /i — )■ 0, the ratio 
n'^/p being kept fixed. Let the latter be 1. The Hamiltonian acquires the form 

H^p^o) = -(1 + wwYdd - (1 + ww)wd . (A.12) 

One can observe now that this Hamiltonian commutes not only with (lA.Sp . but also with 
the operators 

J^ = d + w^d, J- = d + w^d + w. (A.13) 

They are mutually (anti)conjugated with respect to the measure ~ Y+ur^ form the 
su{2) algebra, 

[J+,J_] = 2J3, [J±,J3] = ±J±, (A.14) 

with J3 = J + 1/2. 

This means that the eigenstates of flA.12p represent SU{2) multiplets. An amusing 
fact is that, in contrast to the case of the ordinary Laplacian, A = (1 + wwYdd, these 
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multiplets correspond to half- integer momenta. Indeed, in the ground state (with E = 1), 
we find a doublet, 



^0 = T— — , ^+ = • (A.15) 

1 + WW 1 + WW 

These states are obtained from one another by the action of J+ and J_. At the level 
£^ = 4, we have four states, 

u! -r 1 — 2ww ^ w(2 — ww) ^ w'^ /. 

[i + wwy (i + wwY [i + wwY [i + wwY 

Note that the J = reduction of the general Hamiltonian flA.4p exactly coincides with 
the reduction of (1A.12P since wd^ = wdw on the J = wave functions. Hence ( 1A.12I) 
has the same energy spectrum given by ( lA.Op and all neutral components of the above 
SU{2) multiplets are simultaneously eigenfunctions of the generic J = Hamiltonian. 
In particular, the neutral functions \l/o in (lA.lSP and f lA.16|) coincide, up to numerical 
coefficients, with and \l/2 in the sequence (]A.10|) . Posing m = s + 1/2, we represent 
the spectrum (1A.9P as 

Es = s{s+l) + l/4: (A.17) 

with the multiplicity 2s + 1. The Hamiltonian flA.12p represents the Casimir operator of 
the algebra {J±, J3} shifted by a constant. Indeed, it is easy to directly check that for 
the realization f lA.13|) 

C2 = -i[J+J- + J-J+-2(J3)'] =i^(p=o)-^. (A.18) 

One can recall now that the spectrum (lA.lTp is also characteristic for the Dirac oper- 
ator on 52 in the case when the gauge field is absent and only spin connections are taken 
into account (see, e.g., [H]). And, indeed, one can observe that the Hamiltonian f lA.12p is 
related to the square of the Dirac operator multiplied by the positive chirality projector, 
H^j^^ =Tp'^ and expressed via complex variables w^why a. similarity transformation, 

if(p=o) = ^ H^^^VlT^. (A.19) 

V 1 + WW 

This transformation changes the measure: the eigenfunctions of Hd are normalized with 
the standard measure oc 1/(1 + wwY, while the eigenfunctions of H(^p=Q^ are normalized 
as in flA.6p . For instance, the wave functions flA.lSP correspond to the following set of the 
spin 1/2 eigenfunctions for i?^"*: 



w 



a/I + WW y/1 + WW 

(-) _-77)2 l~f73 



The same similarity transformation transforms Hj^ = Tp to the Hamiltonian 

E[^^Q-^ = -(1 + wwfdd - (1 + ww)wd , (A.20) 
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which coincides with the Hamiltonian of our model in the sector F = 2 in the hmit p — )■ 0! 
As was discussed in section 3, it has the same spectrum as (1A.12|) with the complex 
conjugated wave functions. The corresponding realization of the SU{2) generators is as 
follows 

j'^ = d + w^d + w, J'_ = d + w^d, J'^ = J-^. (A.21) 

For completeness, it is instructive to explicitly give how the Hamiltonians look 
in our notation, 

H^j^^ = -(1 + ww)^dd ± ^(1 + ww) (wd^ - wd^ ± + i (A.22) 

The relevant realizations of the SU{2) generators are obtained from (lA.lSp and f lA.2ip by 
the same similarity transformation: 

= d + w^d T =d + w^d ±lw, Ji^^ = j±i (A.23) 

To understand better what happens, let us look at the supercharges. In the limit 
H,p ^ 0, the supercharge Q in (13.101) depends only on one holomorphic fermion variable 
X = (V^i + iip2)/V^- Similarly, Q depends only on x- 

Q = Xil+ww)d, Q = xil + ww)d. (A.24) 

The similarity transformation 

{Q, Q} ^ Vl + ww{Q, Q} , ^ = {Q, Q} (A.25) 

V 1 + WW 



[the same for Q and Q !) gives the supercharges 

w 



Q = xi^ + ww) 



d 



2(1 + ww) 



Q = X{1 + ww) 



2(1 + ww) 



(A.26) 



There is only one holomorphic fermion variable here, and the system can be described 
in terms of the (2, 2, 0) superfield. The supercharges ( 1A.26I) coincide with those in Eq. 
(3.26) of Ref. [5] brought on the sphere, with setting W = (no gauge field). After 
mapping 'ipi^2 — ^ 0-1,2/^/2, the supercharges (1A.26I) are mapped onto^ 

Coming back to the spectrum of the full supersymmetric Hamiltonian in the limit p — )■ 
0, it represents two copies of the spectrum of the system (lA.24p . Indeed, the full Hilbert 
space involves the functions \Ef(w, w, x, A) where A = {ipi — iip2)/V2 is the holomorphic 
fermion variable orthogonal to x- Thus, one can, e.g., multiply the fermion state of the 
system (1A.24I) by A to obtain the state in the sector F = 2 of the full Hamiltonian with 
the same energy. 
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